Abstract. We consider the Yang-Mills problem for a quantum Heisenberg manifold, which is a C * -algebra defined by the (strict) deformation quantization of the ordinary Heisenberg manifold, in the setting of non-commutative differential geometry following Connes and Rieffel [Co] [Co1].
Preliminaries
Classical Yang-Mills theory is concerned with the set of connections (i.e. gauge potentials) on a vector bundle of a smooth manifold. The Yang-Mills functional YM measures the "strength" of the curvature of a connection. The Yang-Mills problem is determining the nature of the set of connections where YM attains its minimum, or more generally the nature of the set of critical points for YM. Since there is a well-developed non-commutative analogue of this setting. we can define a non-commutative Yang-Mills problem as follows [CoRie] : Let (A, G, α) be a C * -dynamical system, where G is a Lie group. It is said that x in A is C ∞ -vector if and only if g → α g (x) from G to the normed space is of C ∞ . Then A ∞ = {x ∈ A| x is of C ∞ } is norm dense in A. In this case we call A ∞ the smooth dense subalgebra of A. Since a C * -algebra with a smooth dense subalgebra is an analogue of a smooth manifold, finitely generated projective A ∞ -modules are the appropriate generalizations of vector bundles over the manifold. By Connes [Co1] , a finitely generated projective A ∞ -module Ξ ∞ always exists if there is a finitely generated projective A-module Ξ under G-invariant maps. In addition, an hermitian structure on Ξ ∞ is given by a A ∞ -valued positive definite inner product < ξ, η >∈ A ∞ for ξ, η ∈ Ξ ∞ . Let L be the Lie-algebra of (unbounded) derivations of A ∞ given by the representation δ from the Lie-algebra g of G
We shall say that ∇ is compatible with the hermitian metric if and only if
If ∇ is compatible with the Hermitian metric, then the values of Θ are the self-adjoint elements of E = End A ∞ (Ξ ∞ ). Since L is playing the role of the tangent space of A ∞ , the analogue of a Riemannian metric on a manifold will be just an ordinary positive inner product on L. With the curvature form in mind, we need the bilinear form on the space of alternating 2-forms with values in E. Then given alternating E-valued 2-forms Φ and Ψ we let
which is an element of E where Z 1 , · · · , Z n is an orthonormal basis of L. Finally, we need an analogue of integration over a manifold, and we need this to be G-invariant. Thus it is appropriate to assume that A ∞ is given a faithful trace τ on A ∞ which is invariant under the action of L i.e. δ-invariant so that τ (δ X (x)) = 0 for all X ∈ g and x ∈ A ∞ . One can define an E-valued inner product, < , > E , by
Then every element of E will be a finite linear combination of terms of form < ξ, η > E so that we can define
It is not hard to show that the set of compatible connection CC(Ξ ∞ ) is closed under conjugation of a unitary element of E. In fact, if we define (
It follows that YM(γ u (∇)) = YM(∇) for every u ∈ UE and ∇ ∈ CC(Ξ ∞ ). Thus YM is a well-defined functional on the quotient space CC(Ξ ∞ )/UE. If MC(Ξ ∞ ) denotes the set of compatible connections where YM attains its minimum, we call MC(Ξ ∞ )/UE the moduli space for Ξ ∞ , or more generally {the set of critical points}/UE the moduli space.
Connes and Rieffel [CoRie] studied Yang-Mills for the irrational rotation C * -algebras which is non-commutative analogue of 2-tori or non-commutative 2-tori and Rieffel extended Y M for the higher dimensional non-commutative tori [Rie] . In view of deformation quantization, the higher dimensional non-commutative torus is the example of deformation quantization of d-dimensional torus T d . A further aspect of this special deformation quantization is that the ordinary torus acts on the non-commutative tori as a group of symmetries which is a Lie-group action. According to Rieffel [Rie1] , the classical mechanical systems which are studied possess a Lie group action of symmetries acting on the system, and one seeks deformations which are compatible with this Lie group action. Rieffel showed there is a deformation quantization of the classical Heisenberg manifold, namely, non-commutative Heisenberg manifold where the Heisenberg group action is invariant and provided another example of a non-commutative differential manifold[Rie1, Theorem 5.5]. In this short article, we investigate the Yang-Mills problem on a non-commutative Heisenberg manifold as the first small step.
Main results
For any positive integer c let S c be the space of
∂x m ∂y n φ(x, y, p) < ∞ for all k, m, n ∈ N and any compact set K of R × T We can give S c a C * -algebra structure for each ∈ R as follows;
with the norm coming from the representation on
where µ, ν are non-zero real numbers. D 
Accordingly, G act on D 
Proof. In our case, exp(A) = I + n=1 A n /n!. Using the action of G defined as (2), we can
Thus the smooth dense subalgebra of D c µ ν is the schwartz space of complex valued functions on the R × T × Z satisfying (2.1) and the corresponding finitely generated module is the schwartz space of complex valued functions on the R × T. If we let {Z i } be the basis of a Lie algebra g, a linear map∇ * which takes E s -valued 2 forms to 1-forms is defined by
where c 
Proposition 2.6. ∇ is a compatible connection.
Proof. We need to verify that ∇ satisfy the Definition 1.1. It is enough to show that
for W = X, Y , and Z. The first case is obvious. We note that
Similarly,
We also need to check the compatibility. By the product rule of differentiation, it follows that
Note that for each k,
(λ 2p g)(σ −k (x, y)) + k e(ckp(y − pν))(σ k f )(x, y) ∂ ∂y (λ 2p g)(σ −k (x, y))
2 )(σ k f )(x, y)(λ 2p g)(σ −k (x, y))+ k e(ckp(y−pν))(σ k f )(x, y) ∂ ∂y (λ 2p g)(σ −k (x, y)) + k e(ckp(y − pν))( ∂ ∂y σ k f )(x, y)(λ 2p g)(σ −k (x, y)) = k (2πicp(x − pµ) + 2πicpk)e(ckp(y − pν))(σ k f )(x, y)(λ 2p g)(σ −k (x, y)) + k e(ckp(y − pν))(σ k f )(x, y) ∂ ∂y (λ 2p g)(σ −k (x, y)) + k e(ckp(y − pν))( ∂ ∂y σ k f )(x, y)(λ 2p g)(σ −k (x, y)) = δ Y (< f, g >).
Finally, < ∇ Z (f ), g > (x, y, p)+ < f, ∇ Z (g) > (x, y, p) = k e(ckp(y − pν)) πi(x + k) µ (σ k f )(x, y) (λ 2p g)(σ −k (x, y)) + k e(ckp(y − pν))(σ k f )(x, y) πi(x − 2pµ + k) µ (λ 2p g)(σ −k (x, y)) = k ( πi(x + k) µ + πi(x − 2pµ + k) µ )e(ckp(y − pν))(σ k f )(x, y)(λ 2p g)(σ −k (x, y)) = k 2πip e(ckp(y − pν))(σ k f )(x, y)(λ 2p g)(σ −k (x, y)) = δ Z (< f, g >)(x, y, p). 
